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Abstract This paper introduces a new concept of exceptional family of elements for
a finite-dimensional generalized variational inequality problem. Based on the topological
degree theory of set-valued mappings, an alternative theorem is obtained which says that the
generalized variational inequality has either a solution or an exceptional family of elements.
As an application, we present a sufficient condition to ensure the existence of a solution to
the variational inequality. The set-valued mapping is assumed to be upper semicontinuous
with nonempty compact convex values.

Keywords Generalized variational inequality - Topological degree - Exceptional family
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1 Introduction

Throughout this paper, let R” be the n-dimensional Euclidean space, K € R" be a non-empty
closed convex set, and F : K — 28" be a set-valued mapping. The variational inequality
problem, denoted by VI(K, F), isto find x € K and x* € F(x) such that

(x*,y—x)>0, forallyeK. (1.1)

When K is a closed convex cone, the above problem reduces to a complementary problem,
which is to find x € K and x* € F(x) such that

x* e K" and (x*,x) =0, where K™ ={d € R" : (v,d) > 0,Yv € K}. (1.2)
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Variational inequality and complementarity problems have been extensively studied in
the literature; see [4—6,20]. In the case that the mapping F is single-valued, the method of
exceptional family is used to deal with the existence of solutions to variational inequality
problems and complementary problems (see [2,7-16,19,21-25]). These references intro-
duced a concept of exceptional family of elements and applied it to prove the existence of
solutions to the variational inequality where the mapping F is assumed to be single-valued
and continuous. However, it remains unknown whether the exceptional family method can
be used to deal with the generalized variational inequalities where F is a set-valued map-
ping. In this paper, we introduce a concept of exceptional family for generalized variational
inequalities and prove that if F is upper semicontinuous with nonempty compact convex
values, then VI(K, F) has either a solution or an exceptional family of elements. We also
present a coercivity condition to ensure the existence of solutions to VI(K, F'). Our results
extend the main results in [7] and the references therein.

2 Preliminary results

Without other specifications, let K € R" be a non-empty closed convex set, 2 C R" be an
open bounded setand K N Q2 # @, F : K — 2" be a set-valued mapping. F is said to
be upper semicontinuous at x € K if for any open set V. C R" such that F(x) C V, there
exists an open neighborhood U of x such that F(y) C V forall y € U N K; If F is upper
semicontinuous at every x € K, we say F is upper semicontinuous on K.

In this paper the common symbols are as follows: the closure and boundary of 2 are
denoted by Q and 9%, respectively. The Euclidean norm is denoted by || - ||, the projection
operator on K is denoted by Pk (-). The normal cone of K at x is denoted by N (x), that is,

| {x*eR :(x*,y—x)<0,VyeK}, ifx e K.
Nk (x) = [@, otherwise .

Recently, Kien et al. [17] built a degree theory for generalized variational inequalities. Let
F: K — 2R be upper semicontinuous set-valued mapping with compact convex values
and 0 &€ (F + Nk)(0S2). The degree of generalized variational inequality defined by F and K
respect to 2 at 0 is the common value d(®, 2, 0) for € > 0 sufficiently small and denoted
by d(F + Nk, 2, 0), where ®.(x) = x — Px(x — fe(x)) and f. is a approximate continu-
ous selection of F (see [17, Lemma 2.1]). To show our main results, we need the following
properties.

Lemma 2.1 (Existence) Suppose that F : K — 2R g upper semicontinuous set-valued
mapping with compact convex values and 0 ¢ (F + Nk )(0R2). If d(F + Nk, 2, 0) # 0, then
there exists x € QN K such that

0e F(x) + Ng(x). 2.1)
Proof See Theorem 2.1 in [17]. O

Remark 2.1 Ttis clear that x is a solution of (2.1) if and only if x is a solution of (1.1). Since
0 € F(x) 4+ Nk (x), then —F(x) C Nk (x). By the definition of Ng (x), we know that there
exists x* € F(x) such that (x*,y —x) >0, forall y € K.

Proposition 2.1 (Normalization) Suppose that F(x) = x — X and 0 ¢ (x — X + Nk)(0Q),
where X € R". If0 € Q, thend(x — X + Ng(x), 2,0) = 1.
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Proof Since F(x) = x — X, then F is upper semicontinuous with compact convex values on
K. So we can use the definition of topological degree, then

d(x —X + Ng (%), 2,0) = d(®, 2,0), where . (x) =x — Pg(x — fe(x)).
Let fe(x) = x — X, then
d(x =X+ Ng(x),2,0) =d(x —x, Q,0), where X = Px(X).

Since the mapping x — X is a translation of the identity mapping x, then d(x — X, ©2,0) =
dx,Q2+x,X)=1.S0od(x — X+ Ng(x),2,0) = 1. o

Lemma 2.2 (Homotopy invariance) Let Fi, F> : K — 28" pe upper semicontinuous set-
valued mapping with compact convex values and 0 ¢ (tF1 + (1 — t)F> + Ng)(0<2) for all
t € [0, 1], then

d(F\ + Nk, 2,0) =d(F, + Nk, 2,0).

Our definition of an exceptional family of elements is as follows:

Definition 2.1 Letx € R". A family of elements {x,},~o C K is said to be an exceptional
family for VI(K, F) with respect to X if:

1) ||xq|| > coasr — oo.
(ii) for any r > || Px(X)||, there exist a real number o, > O and y, € F(x,) such that
—yr + ar(f_ xr) € Nk (x,),
_JtyeRrR":{y,z—x)<0,Vz e K}, ifx, e K.
where N (xr) := l(o, if x, € R"\K.

Remark 2.2 1f the mapping F is single-valued, Definition 2.1 reduces to Definition 2.1 in
[7]. Since Nk (x,) is a cone, it can be seen that Definition 2.1 coincides with Definition 5.1
in [10], by letting x = 0 and o, := % — 1 where ¢, appears in Definition 5.1 in [10].

When F is a set-valued mapping, we compare Definition 2.1 and Definition 4.2 in [15].
If the set K is a closed convex cone and X = 0, then Definition 4.1 in [15] coincides with
Definition 2.1. However, if K is not a cone, there is a difference between Definition 4.2 in
[15] and Definition 2.1: the former used Ng ((¢ + 1)x,) to replace N (x,). This difference
is also observed by Professor Isac; see Remark 3.3 in [10].

In many applications of variational inequalities the set K is described by

K:={xeR":g(x)<0,i=1,...,m; hj(x)=0,j=1,...,1}, (2.2)
where g; : R" — R is a continuously differentiable convex function and h; : R" — R
is an affine function, and there exists xo € K such that g;(xg) < Ofori = 1,...,m and
hj(xg) = 0for j =1, ..., /. In this case we introduce the following notion of exceptional

family of elements.

Definition 2.2 Let K be anonempty closed convex set defined by (2.2) andx € R". A family
of elements {x,},~0 C K is said to be an exceptional family for VI(K, F) with respect to
X if:
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@{) ||x|| > coasr — oo.
(ii) for each r > 0, there exist A, € R™, u, € R! a, € R!, yr € F(x;) such that

yr € —ar(xy — %) — (V) A + Vh(x) 1),
Ag()=0,% =00 >0,

where Vg(x) € R™*" and Vh(x) € R are the Jacobian matrices of g and , respec-
tively.

Remark 2.3 When K is defined by (2.2), we know that Ng(x,) = {(Vex)Ta +
Vi) T, © A € R, u, € R, ArTg(xr) = 0}. So Definition 2.1 is equivalent to Def-
inition 2.2 in this case. Moreover, if F is a single-valued continuous mapping and X = 0, (i)

and (ii) in Definition 2.2 provide exactly the same definition of the exceptional family as in
[25].

3 Main results

Theorem 3.1 If F : K — 2% is an upper semicontinuous set-valued mapping with non-
empty compact convex values. Then either VI(K , F) has a solution or, for every pointx € R",
there exists an exceptional family for VI(K , F) with respect to X.

Proof By Remark 2.1, we know that the solvability of VI(K, F') is equivalent to the equation
0 € (F + Ng)(x) being solvable in K. For any X € R", we consider the homotopy between
the mappings x — X + Nk (x) and (F + Ng)(x), which is defined by

H(x,t) =tF(x)+ (1 —1t)(x —X) + Ng(x), Vre[0,1].

Let D, = {x € R" : ||x|| < r}, which is such that D, N K # (). Then we have the the
following results: If for some r > ||Px(X)|l, 0 € (F + Ng)(8D,), then VI(K, F) has a
solution. Now assume that for any r > || Px (X)|l, 0 ¢ (F + Ng)(3D,), the following two
cases are possible.

(a) There exists an ro > || Px(X)|| such that 0 ¢ H(3d Dy, [0, 1]), thus the homotopy
invariance implies that

d(H(x, 1), Dy,,0) =d(H(x,0), Dy, 0),

where H(x,0) =x — X + Ng(x), H(x, 1) = (F + Ng)(x).

By Proposition 2.1, then d(H (x, 1), Dy, 0) = d(H (x,0), D,,,0) = 1. So the existence
implies that the ball 5,0 contains at least one solution to the equation 0 € (F + Ng)(x).
Therefore VI(K, F) has a solution.

(b) For each r > || Pk (X)||, there exist a point x, € 3D, and a scalar #, € [0, 1] such that
0€ H(x,t).

We now claim that £, # Oands # 1. Ift, = 0, thenXx — x, € Ng(x;). It fol-
lows that x, = Pg(X), which is impossible since |x.| = randr > |Pgx(X)|. If
t, =1, then 0 € (F + Nk)(dD,), which is also impossible since 0 & (F + Ng)(dD,).
Therefore, for each r > || Pk (X)||, there exist a point x, € 3D, and a scalar 7, € (0, 1) such
that 0 € H(x,, t,), that is,

0€tF(x,)+ (1 —t)(x, —%) + Ng(x;).
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Thus there exists a y, € F(x;) such that 0 € t,y, + (1 — #.)(x, —X) + Ng (x;)
or

GC\_ x)(1 —1)

Iy

Leta, = (1 — 1)/t > 0, then — y, + o, (X — x;) € Nk (x,). On the other hand, since
x|l = r, |lx,]| = ocasr — oo. Moreover, when 0 < r < || Pk (X)||, we may choose x,
to be any point in K. Hence, we can find an exceptional family {x,},~o for VI(K, F) with
respect to X. O

— ¥r € Ng(x).

Remark 3.1 When F is single-valued, [7, p. 511] presented an example of variational inequal-
ity which has no exceptional family in the sense of Definition 2.1 (and so has a solution), but
does have an exceptional family in the sense of Definition 4.2 in [15].

In order to show the existence of solutions to variational inequality problems, various coer-
civity conditions have been used (see [1—4]). This paper picks out two of these:

(Cy) There exists a nonempty bounded subset D of K such that, for every x € K\ D, there
isay € D satisfying inf yxcp(r) (y*, x —y) > 0.

(C3) There exists a constant r > 0 such that, for any x € K with ||x — X| > r, where
X € R”,thenthereexists y € K satisfying ||y—X| < |lx—x]l andinf y«cp (o) (y*, x —y) = 0.

Obviously, C; = C», since D C K is bounded, there must exist a enough large real
number » > 0 such that D C B, N K,where B, = {x € R" : ||x —x|| < r}. Let
x € K\D. Therefore the condition (Cp)implies that, for every x € K\D, thereisay €
D satisfying |y — X|| < r < |lx — x| and inf ysep o) (y*, x —y) = 0.

From the above, condition (C3) is a rather weak coercivity among most of known coerciv-
ity conditions. Specially, in [2], this condition was used to prove that VI(K, F') has a solution
when F' is qusimonotone upper sign-continuous set-valued mapping with nonempty weakly
compact values in Banach space. We will prove the existence theorem when F is an upper
semicontinuous set-valued mapping with nonempty compact convex in R”.

Theorem 3.2 If F : K — 2R" is an upper semicontinuous set-valued mapping with non-
empty compact convex values and the condition (C2) holds, then VI(K, F) has no exceptional
family with respect to x; hence VI(K, F) has a solution.

Proof Assume that VI(K, F) has no solution. By Theorem 3.1, we know that there ex-
ist an exceptional family of elements {x,},~¢ for VI(K, F) with respect to X, that is,
{x;}r>0 C K with ||x,|| = o0,asr — o0, and for any r > || Pg(X)||, there exist a real
number o, >0 and y, € F(x,) such that —y, + a, (X — x,) € Ng(x,), thatis,

(yr +0,(xy =X),y —x,) =0, VyeKk. (3.1)

Since that the condition (C3) holds, then there exists a constant » > 0 such that, for any
x, € K with ||x, — X|| > r, there exists y € K satisfying ||y — X|| < [x, — x| and
infy eF(x,) (¥r, X —y) = 0. So we can claim that

(¥roy —x,) <0, Vyr € F(x). (3.2)
Meanwhile, since (x, — X, y —X) < ||x, — X|||ly — ]|, then
a (X, — X,y —X) <ayllx, =Xy =X, Vo, >0. (3.3)
Adding the formulas (3.2) and (3.3), then for Vy, € F(x,) and Yo, > 0O,

(yray _xr> +(xr<xr —56\,)’ _5(\) = ar”xr _f””y_f”
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It follows that for Yy, € F(x,) and Vo, > 0,

(yr + oy (xr —=X), y — x;)
=y —X) Forly Xy ¥ +X—x)

= (yrvy _xr> +Olr(xr —f,y _f) —O(r”.xr —/X\”Z
< allx = XN dly — X1 = llx, — XD
< 0. 3.4

It is clear that (3.1) in contradiction with (3.4). Thus, VI(K, F') has no exceptional family
with respect to x; hence, VI(K, F) has a solution. O

Remark 3.2 Theorem 3.2 can also be obtained from Theorem 2.5 in [18], a very general
result stated for equilibrium problem.

Corollary 3.1 If F : K — 2R is an upper semicontinuous set-valued mapping with non-
empty compact convex values and the condition (Cy) holds, then for VI(K, F) has no excep-
tional family with respect to X, where X € R"; hence VI(K, F) has a solution.

Proof Since C; = C», it follows from Theorem 3.2 that VI(K, F') has a solution. ]
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